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Abstract 
The aim of this paper is to establish a systematic framework for lower bound limit analysis by means of finite 
element method using nonlinear failure envelopes. In this research, a nonlinear yield criterion in the form of power 
was applied in the slope stability analysis and the yield criterion represented in Mohr plane was transformed into the 
principal plane such that numerical application FEM-based limit analysis was simplified. The exact solutions to the 
stability number of nonlinear yield criterion were bounded within 10% by present study and existing upper bound 
solutions from literature. 
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1. Introduction 
A substantial amount of experimental evidences have clearly shown that failure envelopes are curved for 
almost all types of rock discontinuities, coarse-grained and clays over a wide range of stress level. For the 
simplicity, the linear approximation of the failure envelope has been widely accepted for over half a 
century in which the shear strength of a material is described by two parameters, namely the cohesion and 
friction angle. It has been argued that due to the nonlinearity, these two parameters are not independent of 
stress level and consequently not constant. 
Upper bound limit analysis combined with nonlinear yield criteria by means of a tangent methods have 
been discussed by Chen[1, 2], and later Drescher and Christopoulos[3], and Yang[1-3] etc. In their works, 
the angle of friction is replaced by the angle of tangent which is an upper bound to the true “friction” 
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angle due to the convexity of the failure envelope. This technique is usually used together with the limit 
equilibrium slicing method or rigid finite element, where the power dissipation takes place only along the 
velocity discontinuities. Compared with upper bound solution, lower bound solutions are appealing in 
practice because they lead to a safe design. However, because it is more difficult to construct a statically 
admissible stress field than a kinematically admissible velocity field manually, there have been fewer 
reports on the lower bounds to the exact solution with nonlinear yield envelopes. 
Finite element based limit analysis eliminates the handicap of manual construction of a statically 
admissible stress field, combined with the state-of-art algorithm for the convex nonlinear programming, 
limit analysis with nonlinear yield criteria can able to solved in a more general and systematical fashion. 
The present work is devoted to this purpose. 
2. Lower bound limit analysis  
The lower bound theorem states that a limit load calculated from a stress field which satisfies the stress 
equilibrium condition, stress boundary condition and nowhere violates the yield criterion is always less 
than, at most equal to the exact solution to the system. And the exact solution can be approached by 
finding the maximum of the lower bound, mathematically, it could be put as  
             
                     
                            
 (1) 
Here   is an global equilibrium matrix and   is a vector containing   stress components,   is the 
reference load vector subjected to the load multiplier    and    is the constant external loading vector. 
Given the Drucker’s postulate[1], for stable material the yield functions are convex, the mathematical 
optimization (1) is convex optimization, thus solvable theoretically. More detailed procedures for the 
discretisation of domain by means of finite element can be found in some pioneering works [2-4], and 
will not be repeated in present paper.   
3. Yield condition 
A power form yield criterion that has been a given extensive study in the slopes stability in literature 
for the upper bound analysis is as follows[5, 6]  






The tangential friction angel associated with (2) is defined as  
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The relation between the Mohr stress and triaxial stress       are as follows, 
  
     
 
              
   
 
  




    
  
     
 















Eq.(4) can be regarded as a parametric yield function in which    is the parameter vairable.The 
explicit representation of the nonlieanr yield criterion, i.e., relation between   and   in triaxial plane 
involve solving a system of highly nonlinear equations, instead, in present study parameters in (5) are 
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obtained by least squre curve fitting. 
By observing the plot of the    , a yield function of the similar form in     plane as (2) is 
proposed,   






It should be pointed out that the reason that the authors take a transformation of yield criterion from 
the Mohr plane to the triaxial plane includes, first to draw a comparison between the existing upper bound 
results in which eq (1) was used with ours in this research and second yield criteria expressed in Mohr 
plane are usually equiped with parameters with clear physical meaning and thus easier to interpret. In 
practice, a yield criterion expressed in the form of (5) is acutually more convinient for triaxial data curve 
fitting and parameters can be regressed directly. A comparison of the fitted curve with the original curve 
in parametric form (4) will be shown in the section that follows. 
4. Numerical examples 
In order to investigate the influence of the nonlinearity of the yield criterion on the stability 
characteristic of system, let us consider a simple homogeneous slope stability problem with geometry in 
Figure 2. To further simplify the calculation we assume     and   takes from                    .  
 
Figure 1 (a) schematic diagram of the slope profile (b) mesh and boundary condition of the numerical model. 
The stability number is defined as  
   
   
  
 (6) 
   is a dimensionless number, depending on the geometry of the slope and the nonlinear property of the 
material constituting the slope. Taking the values for the material constants,                     , 
the corresponding parameters in (2) are shown in table1 
Table 1 Corresponding material constants transformed from eq.(2) with                   
1/  1.2 1.4 1.6 1.8 2.0 2.5 
  86.067 87.030 87.690 88.157 88.497 89.031 
  0.845 0.727 0.637 0.566 0.509 0.407 
A typical fitted curve and original curve drawn with parametric equation are given in Figure 2 in 
which these two curves are almost perfectly overlapping each other.  
(a) 
(b) 1 for free boundary, 4 for extension 
boundary condition 
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Figure 2 Fitted and original curve  
Table 2 presents the value of stability factor    from the lower bound formulation in this research 
corresponding to         ,             and     , the nonlinear coefficient  varying from 1.2 
to 2.5. The exact stability numbers are bounded within roughly 10% by present results and the existing 
upper bound solutions [5-7]. And interestingly, it is noted that the larger the   value, the smaller the gap 
given the same configuration of the mesh. 
Table 2 Comparisons of Stability Factors Ns 
1/m    Drescher and Christopoulos[6] Zhang and Chen[5] Present lower bound solution 
1.2 90 5.15 5.13 5.00 
 75 6.79 6.77 6.31 
 60 8.99 8.95 8.20 
 45 12.60 12.55 11.06 
1.4 90 4.92 4.89 4.76 
 75 6.36 6.33 5.92 
 60 8.18 8.13 7.48 
 45 10.82 10.82 10.07 
1.6 90 4.76 4.73 4.59 
 75 6.07 6.04 5.66 
 60 7.65 7.61 7.01 
 45 9.85 9.70 9.11 
1.8 90 4.64 4.60 4.47 
 75 5.86 5.82 5.47 
 60 7.29 7.24 6.69 
 45 9.26 9.10 8.48 
2.0 90 4.55 4.52 4.38 
 75 5.70 5.70 5.31 
 60 7.02 7.02 6.41 
 45 8.82 8.78 8.02 
2.5 90 4.39 4.35 4.22 
 75 5.43 5.40 5.09 
 60 6.59 6.54 6.08 
 45 7.93 7.95 7.31 
5. Conclusion 
Lower bound limit analysis using the nonlinear yield criterion on the slope stability problem has been 
performed in this research. The lower bound solutions are obtained in a very general and systematic 
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fashion in which no failure mechanism needs to be assumed in advance since it is part of the solution. The 
solution to the resulting nonlinear optimization problem is quite efficient with primal dual interior point 
algorithm for our model with moderate number of elements. 
The nonlinear yield criterion represented in the Mohr-plane was transformed into an equivalent 
expression in the p-q plane by a curve fitting technique. The fitting procedure had been implemented as a 
preliminary stage of the analysis and proved costly negligible compared to the solution cost of the 
resulting optimization problem. It should be pointed out that the success of this procedure is largely 
attributed to the great similarity of the envelopes in these two planes. For general yield criteria, it is 
suggested that the yield envelope in parametric form be plotted first and a careful choice of the type of the 
yield function be made accordingly and a possible working stress interval be specified. 
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